A perturbation method is used to examine the linear instability of thermocapillary convection in a liquid bridge of #oating half-zone "lled with a small Prandtl number #uid. The in#uence of liquid bridge volume on critical Marangoni number and #ow features is analyzed. The neutral modes show that the instability is mainly caused by the bulk #ow that is driven by the nonuniform thermocapillary forces acting on the free surface. The hydrodynamic instability is dominant in the case of small Prandtl number #uid and the "rst instability mode is a stationary bifurcation. The azimuthal wave number for the most dangerous mode depends on the liquid bridge volume, and is not always two as in the case of a cylindrical liquid bridge with aspect ratio near 0.6. Its value may be equal to unity when the liquid bridge is relatively slender.
Introduction
Thermocapillary convection in a #oating halfzone plays an important role in the case of crystal growth using the #oating zone method in a microgravity environment. The oscillatory Marangoni convection in the molten material may induce crystal defects such as inhomogeneities and impurity striations during the growth process. Extensive experiments and theoretical analyses have been performed to study the thermocapillary convection in the #oating half-zone melt and the associated instabilities [1}8] . Most of the experiments are, however, conducted for large Prandtl number #uids, Pr*1. Pr is de"ned as Pr" / , where and denote kinematic viscosity and thermal di!usivity, respectively. Melts of semiconductors, metals, and alloys are liquids of small Prandtl number, which exhibit very di!erent behavior than the large Prandtl number #uids. Only a few experiments, such as those conducted by CroK ll et al. [5] and Han et al. [9] , have been reported on the onset of oscillatory convection in the #oating half-zone of small Pr #uid; a critical Marangoni number for the onset of time-dependence is observed to be about 900 in the case of a mercury liquid bridge [9] . Observation of #ow and temperature "elds in the liquid bridge is generally very di$cult in the case of low Pr #uids because of its opaqueness, and only very sophisticated and expensive techniques such as X-ray diagnostics, can provide some information on the velocity "eld in semiconductor melts [8] . Stability analysis and numerical simulation can therefore be very useful in the study of thermocapillary convection in a #oating half-zone melt of small Prandtl number #uids. Such studies can provide a better understanding of transport phenomena in semiconductor materials processing. Furthermore, the materials processing in the microgravity environment needs more quantitative information on hydrodynamic instability and thermocapillary convection.
Rupp et al. [10] and Levenstam and Amberg [11] have performed three-dimensional numerical simulations of thermocapillary convection in a #oating half-zone cavity of aspect ratio 0.4 and 0.5; the aspect ratio de"ned as, A"¸/2R
, wherȩ and R are the height and radius of the liquid bridge, respectively. They found that the most dangerous mode in a cylindrical liquid bridge is a stationary asymmetric state with an azimuthal wave number, m"2. Wanschura et al. [12] performed a linear stability analysis of the #ow in a cylindrical #oating half-zone and con"rmed that the most dangerous mode is indeed associated with m"2. Savino and Monti [13] conducted transient, threedimensional simulations, and observed that the critical wave number is quite sensitive to the geometric aspect ratio of the bridge. It should be noted that all of the above numerical studies are limited to the cylindrical liquid bridge. In addition, the e!ect of liquid bridge volume, which is one of the sensitive critical parameters, has been studied only for the gravitational environment and large Prandtl numbers using experiments [14] , direct numerical analysis [15, 18] and linear stability analysis [16, 17] .
In the present paper, thermocapillary convection and the associated instabilities in a #oating halfzone of small Pr #uid are studied for microgravity environment. It is observed that the instability features are quite di!erent between the small and large Prandtl number #uids, and that the liquid bridge volume is an important parameter.
Mathematical description and numerical method
A #oating half-zone with constant temperatures on both the lower and upper ends as shown in Fig. 1 , is considered for the present analysis. Two rods of the same radii R , that hold the liquid bridge, are co-axial and separated by a gap,¸. The lower and upper end temperatures are assumed to be ¹ * and ¹ * # ¹, respectively. Only the static deformation of the free surface is considered here and the dynamic deformation of the free surface is neglected.
In addition to Prandtl number, the present problem is governed by the following dimensionless parameters:
where <, Re, Ma, Bi represent dimensionless volume of the liquid bridge, Reynolds number, Marangoni number and Biot number, respectively. The constants , k, h, 2 denote the density, thermal conductivity, heat transfer coe$cient and surface tension variation with respect to temperature, respectively. The above dimensionless physical quantities are obtained by using the velocity, length and time scales as ; "" 2 " ¹/ , R and R /; , respectively. The cylindrical polar coordinate system (r, , z) is used for the present analysis as shown in Fig. 1 , and the free surface boundary R(z) is considered as a function of z.
In the linear stability analysis of thermocapillary convection in the #oating half zone, a steady, axisymmetric basic state is obtained through numerical computations. The perturbation quantities of the velocities, u"(u, v, w), pressure, p, and temperature, ¹, are imposed to that of the basic state u "(u , 0, w ), p and ¹ . For example, the component of radial velocity ; may be written as
where the parameter is very small. The dimensionless governing equations for perturbed quantities in the microgravity environment can then be expressed as follows:
The boundary conditions at the ends (z"0 and z"2A) are given by
while the boundary conditions at the free surface are, 5) where n denotes the normal unit vector at the free surface, and t and s denote the tangential unit vectors in the vertical and horizontal cross sections, respectively, and S denotes the rate-of-strain tensor. In the following analysis, an adiabatic condition is assumed at the free surface, which implies Bi"0.
The conditions at the central axis, r"0, are taken as
The perturbation quantities (u, v, w, p, ¹) can be expanded as a sum of the spectral terms, for example,
where " #i G with and G as the increasing rate and frequency of the small perturbations, respectively. In Eq. (2.7), m denotes the azimuthal wave number, i denotes the complex unit (!1, and c.c. denotes the complex conjugate. Eq. (2.7) gives a spectral representation of the perturbation. Algebraic equations can then be obtained by substituting Eq. (2.7) in the governing equations and boundary conditions, and the eigenvalues and eigenfunctions can be determined using the Q}R method as discussed in Ref. [17] for large Pr. For the eigenvalue problem, we have used 19;19 Chebyshev polynomials in r and z directions, which requires that a generalized eigenvalue equation be solved with a complex matrix of 1444;1444. Calculations with 21;33 polynomials in r and z directions were also performed to compare with the results obtained by using 19;19 polynomials, and the agreement was found to be within 1%. The details of the numerical method can be found in Ref. [17] .
To validate the present implementation of the stability analysis, selected results have been obtained for A"0.5, <"1 and Pr"0.001 and 0.01, and compared with those obtained by Chen et al. [7] . The agreement is within $5%. It can be seen from Table 1 , that both solutions predict the azimuthal wave number of two for the most dangerous mode. 
Numerical results
The #ow pattern for basic state of convection is shown in Fig. 2 for A"0.6, <"0.8, Pr"0.001, and Re"2000. Since the #ow pattern for basic state, for a "xed Reynolds number, show only a small di!erence in the Prandtl number range of Pr"0.001}0.1, results for only Pr"0.001 are shown here. However, the temperature distributions in the basic state strongly depend on Prandtl number, as shown in Fig. 3A}Fig . 3C for Prandtl number of 0.001, 0.01 and 0.1, respectively. The temperature pro"les in the bulk region approach nearly linear distribution in the case of very small Prandtl number such as Pr"0.001 (Fig. 3A) , except for the corner region when </< O1. But, they start deviating from the linear pro"le as Pr is increased and a signi"cant variation is seen in Fig.  3C when Pr"0.1. In this case, there exist relatively large temperature gradients near the cold corner of the liquid bridge.
The critical Marangoni number, Ma , as a function of the liquid bridge volume, are shown in Fig.  4A}Fig . 4C for A"0.6 and Prandtl number of 0.001, 0.01 and 0.1, respectively. Since the melt of many semiconductor materials have Prandtl number, Pr"O(10\), critical curves for Pr"0.01 are shown in more detail in Fig. 4B , for azimuthal wave number of 0, 1, 2 and 3. The results presented here show that the most dangerous mode is m"2 when the dimensionless liquid bridge volume, <'0.8, and is m"1 when <)0.8. In the case of small Prandtl number (Pr)0.1), it is evident that the most dangerous mode is m"2 for a relatively thick liquid bridge, for which the cylinder is a special case where there is no concavity. For a relatively slender liquid bridge the most dangerous mode is obtained as m"1. It should be noted that, the wavenumber of the most unstable mode, m"1, does not change in a large range of liquid bridge volume in the case of larger Prandtl number #uids (Pr*1) [17] . The liquid bridge volume is also a sensitive parameter in the case of small Prandtl numbers. The critical Marangoni number in the case of a smaller liquid bridge volume may be several times larger than that for the large volumes. The critical Marangoni number curve as a function of the liquid bridge volume for small Prandtl number #uids is quite di!erent from that of the large Pr #uids [15, 17] .
The perturbed temperature and #ow "elds in a liquid bridge of A"0.6, <"0.8, Pr"0.01 and Ma"20 are shown in Fig. 5 for the most unstable mode, m"1. The left "gures A and C are associated with the perturbed temperature "elds in the horizontal cross-section, z"0.6, and the vertical cross section y"0, respectively. The right "gures B and D on the other hand represent the corresponding perturbed #ow "elds. The perturbed #ow pattern in Fig. 5B is symmetric with respect to y"0, and there are two cells including one small degenerated cell near the lower corner, as shown in Fig. 5D . Fig. 5B shows that the azimuthal velocity changes periodically and the #uid does not rotate as an entity, since the imaginary part of the growth rate is zero. The perturbed temperature in the vertical cross section has a minimum in the plane, "0 and a maximum in the plane, " , and the perturbed temperature distribution is symmetric to the vertical plane, y"0.
The critical Marangoni number, Ma , as a function of Prandtl number for A"0.6 and <"0.8, 1 and 1.2 are given in Fig. 6 for the most unstable mode. The instability is mainly hydrodynamic, the "rst bifurcation being stationary for Pr)0.1. The perturbed state will increase exponentially until it reaches a stationary state. The instability in the case of Pr*1 is induced through the coupling between the hydrodynamic and thermocapillary effects, which has been discussed in Ref. [17] and the frequency is not zero. 
Discussions and conclusion
In the present work, the perturbation analysis is applied successfully to study the instability of thermocapillary convection in a #oating half-zone cavity of low Prandtl number #uids, and the basic state of steady and symmetric convection is calculated using the spectral method [16] . The in#uence of liquid bridge volume on instability has been discussed in detail. The cylindrical liquid bridge, which has been investigated in more details in the past, is a special case of the present analysis. However, the critical Marangoni number obtained from the stability analysis and that predicted by the numerical model in Ref. [13] are much smaller than that measured experimentally [9] . Both the stability analysis and numerical simulation predict the onset of asymmetric convection from steady, symmetric state, while the experimental measurements show the onset of oscillatory convection from the asymmetric convective state. The critical Marangoni number predicted by the former methods is lower than that obtained experimentally [11] .
The instability is found to be mainly hydrodynamic [12] and the "rst bifurcation is stationary for Pr)0.1. The most dangerous mode is m"1 for a relatively slender liquid bridge and m"2 for a relatively fat liquid bridge, which also depend on the Prandtl number. Salient features of di!erent liquid bridge volumes are shown and it is demonstrated that the critical Marangoni number may change signi"cantly in a range of Prandtl number and aspect ratio. In addition, the liquid bridge volume is a sensitive critical parameter for the onset of asymmetric or oscillatory convection. The stability analysis can only determine the stability boundary and not the behavior beyond the threshold. The complex evolution process can only be predicted by a transient, three-dimensional model.
